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ABSTRACT

In this note, based on 3 or 5 order statistics out of

n order statistics, nearly asymptotically efficient e:;tima-

tors are obtained for Cauchy and logistic distributions as

well as normal distributions.
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1. I'LIMMUcTION

In 1046, to estima~te the locntiofl parllflot1i' Uof n'nml d!i.'Irihu-

tion N(0, 1), Mosteller considerer- estirtitors o,' the fonvi

where Yo Yn aro the order Atatist.ics of 'n vnm 8:w snpl

xi I f rott ;(O,l1), ni~ = [neij+1 xwith 0 < ... «< l r~ -arv

constants and [nac is the lmrpest interqer less than or equal to flrt.

Assuming equal weight-s c, q_. -c 1/k;, for eachl k- 1 ,2,.,!o

found the optim~al choice Tor(a 1 . ,o,) f or whlic the1'k I nrwr ito ti r vauil-

ance of 0 is mnim~hizedI. In this note, xo geea h-eIi'4 wor', into twvo

directions. rirst, rather thani normal Oi !;tri lliition , 'I'rlitIis:

tribution of a locartion paraireter 0 wi th pr'f j-.r) cot8'rv;Wor, where

f is assumed to be known. Second!, inti] (i f ;jiil' ('(pi1V11' for

(c 1 ,...,c, the opt.;r. vi eights 1--' i'1mei~i e" v i~': if! h Pti1-

spacings f or (n1 ,-..,n) or (a." . . c fi ul I'ra fi:otiI 'd-

cw.ble to 'zollral = .. ,bora;i: ;c :w 1 Iif r'lP o an',

becise of satisfncwtoiry acliievrrient of rofIx0: f Y c FC1 f'

we discuss the c.%-(. of I.; in detanil .- ,in( '' 'f1 rrmat the rase of

1; 5 In sr4ctinn '3, the rn",AVt j sFp; ti le ic (' Cuic'' *t;tivtof

with px.1f

f(x-0) - /7T(1+(X-"-) J 0 -(12)

aind the logistic distribution with p,)f

f('X-0) I.(-01 [+(- -(2

as well as nonmal distribut tnfl. As j Sv'C i1 1l 'i , ' rii I t II;~ I dI

r icul ty i s i nvol vrfd i~n i leri vi n,, thew 'I, '., C .'-- i ii!' r I u t )r!--)



of 0 for the distributions (1.2) andi (1."). "'n tlie ot hei' lian.', it is

also well known (e.g.I.1 1) that for any f(\-O) sa ~iw otinr-

laxity conditions, with 1z = n and stftible r.= r, (n , F) (Yimn srnr

function), 0 in (1. 1) beca-es a rAT.' Ch s a!')ptot. ir'ni1ly noliri',i) estim~-

ator. CoMpared to the RV~ estim~ators~, our est i rxn~tcwr Nw nv I -T-oa1t COT --

putational n.wit and yet are nearly efficient. In fac . th('(5 inntor.-

in this note use only 3 or 5 order statistir.; outJ. of 11 orde'r tAitistirs

hIvever lrenmy be and attain at leas. f)(Y. a.-;%Iptotic efficiency,

relative to the i'I estirkators. Iore spccjficai1l', in Mwi C(michy cisfe

the RXE (relative asynptotic ef ficienrcy) of the oi~ alno i, "1'

but the PJJI's of our opti;uirn c-stinators- with and 5 nro 2 7

and Er0r respectivcly. In the logistic case, whi~rh thn TAT', oF the redian

alone is orily 7Y,,, the 11IAT of our optimun estinmat.''r vifti 1: 2 -ilir-

prisingly MIX8C. It is noted that the nptiinia] wigt;c. in illrrle

estimators are constants indvpelndentl ' o-f' n. PuI'ri-o, ("' rn~ ttors

are briefly compared to similar estiriator. coflsinl'prr- in (;Itwirthi

We rcEvirk that, associatcxl with robust. (i Til 1- '. "'t' i ra t ('s or

the form (1.1) with k =n have been treal ('( in 1 froat, r:myi prr (e-'.

2. "ain re.-u1.t. Tot 7 1) the A; ( 'aIi~i2 'rv j:l

an y~~trcpd ~on t.h '(1 1, T,'
1

,
1

for any I-,, let 0 < < <I,1 (1''li: p b F .

i qjuantJ le of the inpitilaL ion whern 0



x Lx

'..0 t~~-um that f( ;.) > 0 (i=1,.te...iilorimtio, h

X p) r .+"I Ii 11 ' n I~lp I f lt oi l

paraleter 0, vx' cons-ide(r the class of 1. i neir ct, i~l or of~~

thle h.omn,

o al:(, +. *+ X-41V I hol e (a I ,a, 2 22

A.s is iwell kncun ((I ; p. 17), asp ?,(, N'joint.75t'h~~r or

((i 01.**~() converf-cs to a uvrI:t oii'ir1r I n*i.

Irmmw ( + 0... + r nC covaranc 1rixli.; Io
11 ij

Therefore, for any 0 in (22,the itnl~ti ()F 1 i ;.io

nornml with mexan a i ap + i)a& 1'7ni

22 2

ror 0 to lx' consistent for 0, thecCoflditirnv;

I and (2. 5)
i=1 ij=1

ame necetssary anh -mtfficient. JA-t Cl. fli the .I rda of :i: oli1 ()t O' le

form (2.2) satisfyiq- (n.5). Mien finyii;; ,) mli fli'ly 11)0;.%,.,:pt ot. ic %-o-'acc

estirlator in C is equivalent to m.inimi,-in7 (2.71) tot"pr1 (;)if

ak)and (ax,. ,ct. suject to (2.3). '"in to, t, for
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odd, we include the miedian X n hoety tVrj pjj~j-F

syinnetrically a)bout the :-iedin, i.e. , cil YX c 1 ,. or

equivalently r, = - - , - and the vv,,ht -L,

.ten, clearly the second condition of (2.5) holds- and

=( f(cS)' f( 2 ) = f( .-
Case k 3. In this case, 0 in (2.2) is of the fn

O(a")'ct 1 - >) + 1,:(2) +, a

whfere X a nd are the savVle ai and (I-Ct~ q-uinti Ins re.srective'lj

and is the -ierian. Ftrm the first condition or ('.5), 'qh+')=1.

Wrriting f(&1  f -mn! f(r.,) =f(nl) =f 0  the as,-mtotic. varimice of 0

in (2.4) is cm~pitcd as

2a~ 4(t2 11 1 10 (a'c1 1 ) a - + .-7,1+ '1I +
f T T) f r 1 '( "

C) 0

~.:inii zing this with reapect to a yields

f- f f f2 1  '~1

2a (a*,a 1  Cc 1(1-2ft)/2[2o~0  - 'Inu F f + . (2.9))

.b further mnim~ize (n.1)) withi respr'ct to i () e ' <1'), let

~1here' is the inversp of F in (2.7). "ion minirhizinr! (2.r") is eluiva.-

lont to maxniizing,



vich results in the equation

TI,(%I)- E(0-4 a, ) /,"a 1-2(y,) 1 tICY1  1 /0l-"ai(.]

In any specific problem1, ur first solve (1-]1) for o~ 11/2),I

and then compute a*, via (28.Finally frri (2.9) t1he mninirn ana iintotic

variance a~ oa ~(xt)P , ) is ohtan(I, xcliwere ax: is the soliiiin

Of (2.11).

As a raaark, in order that aT bow- less Vtnn tlhe vs~~te~arinnce

of the medJian ()'i.e. , 1/4f~ it is (a to F zc'e that
00

(f .-2fal) >

is necessary and suf ficient. T'CflCC, unlce;s

= (a~, 1)*P,*CL) is asSyMptotically better tlinti the( nod~imi

L2ince (2.13J) is iriplied hy

f (X) -2f(O)r (X) for al11 N, (2.]4)

it follmvs in particulir that in the rcase nf 11 h)r, xonn ia dn

.Sity f(x) -cxp(- jx )/2, 0* cannot improve ovoir V T'irtlhr, xwe rm-,ark

that one of the optimal weights (a l4)may u -1neat irevalu

Chise k-5. In this casqe, 0 in (2.2) is of the fori

0 -0(a,h,c,ct 1 c 0  =C2 4, 4,(3 + -a 2I~

Mihere a'l'() () ()UCre petvl nc 1 02(-f)

and (1-arpi qantiles, zir! "M Is tl'c' rrr- li ~ ",l



first monition or (.5.) yieitts 2: + 21) +- = . f

f &XF2  f ,. andi f (o) r 0  "Me u 2 in CA~.) ro~uct'r. to

0O(a'bI-WcCx aC,,) a, A + h +- 11)1 -4 a" + +1/f

f 1 0 0~

2aT

0

2c lr %*1crC'CW-tt ( ,)yi- '

2 1 (4 +. (2.17n)

0 (~,2- 7-' 1 1'4 - (f 15l

+P f ' 2.

f -f 1K''-
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C~ + P2:.- :1.1. !L L':'7

0 1

T ~ +c a 2bac 2ii~izto of"In ~,o, "n I si' osel

, atw rth ~oaid mionimiza tioor (see~ Flj 1)

souto (ofrio cc, a,). coled wihe thle 1iim (a00' .1n', 1-0 i

of our optinnyrn cst'c-ators for k=3for normal 'Th'ichy -,m-1 lo i;t 4c

distribuitions.

-2-a

VNomai 0.(2 0.2-054 0.2P 5.18"o

(3) (0.) (2.4 (h222('

Cauchy 0.0791 -0.0207i1 -l14

logistic I0.2500 0.3 n,

1 /3) (02) (4)22 m

ITere the nul~ers in the parentheos ,m- t nhln~inr1( ' f rcvi I evi es--

point of rotistness hy (Tstwvirth (19)nf), ,mnr! 1 /T is wso- II

r.~nimun' varimne of the 7TW estimator vbror T dl',nless I1hr- r 2hz '1- i no-

mation. In the normal case, wileI the -;'" oF "(),:t r,1 (-::f i-i 1 ir

with I v3, rt O.V,2C and cqual wir-hts is f P' - tl)( ",IT ()f ' r' s ! t i'-

ator is !XYT,. roeparevl to rfi.t'irt1''s rolm-z' e-sI,"j~ i ~



same form aL- cur Pestijhators, naturally owvr :,.i-matnrs perforn !,etter

since in mir case, knowing the form of f, the opti-ial .e'h Il

optirial spacinw-, are obtained. 71is mighlt FsirM-!7tz tli~it, v-'lil 11 i.-

large, it will he better to try to lknov; the form of f v:itl''r tharn to

apply "rohNst" procedures. 1-kw.ever, for exampie , tosl.ii, 2 the ncmna'l-

ity in an efficient way is not an easy tnk ince for Vi=2,te

P=~f of Cauchy case is still less than.9l7 m~~ cynutt' the0 mr~e

k5numerically. 77ie rcsultir;- 6pi~i xali ios ,irf,.' ro nlox-,

a* = -0.0721), h' 0.0Yt35, c*=092

In this case, the lPAT of 0* is 90.1)". It is nnt.()l I at .n

and k =5, KY- of the optirial w~eihts nrc e~tv,)j' ontisis-

tent wit'. tl re5mt.it ')1 '.rrn" f , r>
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